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Abstract 

Let L be the infinitesimal generator of an analytic semigroup on L 2 (R n ) 
with Gaussian kernel bound, and let L~ a ^ 2 be the fractional integrals of L 
for < a < n. In this paper, we will obtain some boundedness properties 
of commutators [b, L~ a ^ 2 ] on the weighted Morrey spaces L p ' K (w) when 
the symbol b belongs to BMO(l") or homogeneous Lipschitz space. 
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1 Introduction and main results 

Suppose that L is the infinitesimal generator of an analytic semigroup {e~ tL }t>o 
on _L 2 (R") with a kernel pt(x,y) satisfying a Gaussian upper bound; that is, 
there exist positive constants C and A such that for all x, y £ M n and all i > 0, 
we have 

\ Pt (x,y)\<^e- A —. (1.1) 

Throughout this paper, we will always assume that the semigroup {e~* L } t> o 
has a kernel which satisfies (1.1). This property is satisfied by a large class of 
differential operators, some examples can be seen in [7]. 

For any < a < n, the fractional integrals L~ a / 2 associated to the operator 
L is defined by 

1 r°° 

L- a/2 f(x) = ——- / e-^/Xx)**/ 2 - 1 dt. (1.2) 
r (a/ 2 ) Jo 
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Note that if L = — A is the Laplacian on ffi™ , then L a l 2 is the classical fractional 
integral operator /„, which is given by (see [20]) 

U{X) = 2«7r*r(§) L \x-y\ n - a 

Let & be a locally integrable function on M". The commutator of b and L~ a l 2 
is defined as follows 

[b, L-^ 2 } (f)(x) = b(x)L-^ 2 (f)(x) - L-^ 2 (bf)(x). (1.3) 

The first result on the theory of commutators was obtained by Coifman, 
Rochberg and Weiss in [3 . Since then, many authors have been interested in 
studying this theory. When < a < n, 1 < p < n/a and 1/q = 1/p — a/n, 
Chanillo [2] proved that the commutator [b,I a ] is bounded from L P (R") to 
L*(R n ) whenever b G BMO(R n ). Paluszyhski [TH] showed that b G A^R") 
(homogeneous Lipschitz space) if and only if [b,I a ] is bounded from L p (W n ) to 
L s (R n ), where < < 1, 1 <p < n/(a + (3) and 1/s = 1/p - (a + /3)/n. For 
the weighted case, Segovia and Torrea [19] proved that when b G BMO(W l ) 
and u> G A Pi9 (Muckenhoupt weight class), then [b,J a ] is bounded from L p {w p ) 
to L«(u;9). 

In 2004, by using a new sharp maximal function introduced in [14) . Duong 
and Yan [7] extended the result of [2] from (—A) to the more general operator 
L defined above. More precisely, they showed that 

Theorem A. Let < a < n, 1 < p < n/a and 1/q = 1/p — a/n. If b £ 
BMO(R n ), then the commutator [6, L~ a / 2 ] is bounded from L p (M. n ) to L q (R n ). 

In 2008, Auscher and Martell [1] considered the weighted case and obtained 
the following result (see also [1]). 

Theorem B. Let < a < n, 1 < p < n/a, 1/q = 1/p — a/n and w G A ps . 
Ifb G BMO(R n ), then the commutator [b,L-*/ 2 ] is bounded from L p (w p ) to 
L q {w q ). 

On the other hand, in 2009, Komori and Shirai [T2] first introduced the 
weighted Morrey spaces L p ' K (w) which could be viewed as an extension of 
weighted Lebesgue spaces, and investigated the boundedness of the Hardy- 
Littlewood maximal operator, singular integral operator and fractional integral 
operator on these weighted spaces. Moreover, they also proved the following 
theorem. 

Theorem C. Let < a < n, 1 < p < n/a, 1/q = 1/p — a/n, < K < p/q 
and w G A p ^ q . If b G BMO(W l ), then the commutator [b,I a ] is bounded from 
L p ^{w p 1 w q ) to L^ Kq / p {w q ). 

The purpose of this paper is to study the boundedness of [6, L~ Q / 2 ] on the 
weighted Morrey spaces L p ^{w) when b G BMO{W l ) or b G A (3 (M"). Our main 
results in the paper are formulated as follows. 
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Theorem 1.1. Let < a < n, 1 < p < n/a, l/q = l/p — a/n, < k < p/q 
and w £ A p ^ q . Suppose that b G BA10(W l ) , then the commutator [b, L~"/ 2 ] is 
bounded from LP^(w p ,w q ) to Li' KC i/P(w q ). 

Theorem 1.2. LetQ<fi<l, Q<a + P<n, l<p< n/(a + f3), l/s = 
l/p — (a + ft) /n and w G A p>s . Suppose that b € A / g(M™) and < n < p/s, then 
the commutator [b,L~ a / 2 ~\ is bounded from L p ' K (w p ,w s ) to L s ' KS / p (w s ). 

Theorem 1.3. Let < f3 < 1, < a + [3 < n, l/s = 1 - (a + (3)/n and 
w G j4i. s . Suppose that b G A ) g(]R") and < K < l/s, then the commutator 
[b,L- a / 2 ] is bounded from L 1 ' K (w,w s ) to WL s ' KS (w s ). 

Theorem 1.4. Let < f3 < I, < a + f3 < n, 1 < p < n/(a + (3), l/s = 
l/p — (a + f3)/n and w G A PtS . Suppose that b G A^(R") and n = p/s, then the 
commutator [&,L~ a / 2 ] is bounded from L p,K {w p : w s ) to BMOl- 



2 Notations and definitions 

First let us recall some standard definitions and notations. The classical A p 
weight theory was first introduced by Muckenhoupt in the study of weighted 
LP boundedness of Hardy-Littlewood maximal functions in [TB]. Let w be a 
nonnegative, locally integrable function defined on R™, B = B(xo,rB) denotes 
the ball with the center xq and radius rs- Given a ball B and A > 0, XB denotes 
the ball with the same center as B whose radius is A times that of B, we also 
denote the Lebesgue measure of B by \B\ and the weighted measure of B by 
w(B), where w(B) = J B w(x) dx. We say that w G A p , 1 < p < oo, if 

p-i 

for every ball B C 



hL w{x)dx ) {w\S B w{xrl '^ 1)dx Y - c 



\B 

where C is a positive constant which is independent of B. 
For the case p = 1, w G A±, if 

1 f 

j=77 / w(x) dx < C • essinfw(x) for every ball B G M™. 

\B\ J B x£B 

For the case p = oo, w G Aoo if it satisfies the A p condition for some 
1 < p < oo. 

We also need another weight class A PA introduced by Muckenhoupt and 
Wheeden in [IT]- A weight function w belongs to A PA for 1 < p < q < oo if 
there exists a constant C > such that 

-|- J w{x) q dx\ (tLJ w( X y p ' dx^ <C for every ball B G K™ , 

where p' denotes the conjugate exponent of p > 1; that is, l/p + l/p' = 1. 
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When p = 1, w is in the class Ai <q with 1 < g < oo if there exists a constant 
C > such that 

r4r / W^ffaA fesssup— !— ^)<C for every ball SCR™. 
\B\Jb J V x zb V w{x)J - 

A weight function w is said to belong to the reverse Holder class RH r if 
there exist two constants r > 1 and C > such that the following reverse 
Holder inequality holds 

(jW\ J dx ) ~ c (jW\ I W ^ dx ) f ° r every baU B ~ M "' 

We give the following results that we will use in the sequel. 

Lemma 2.1 QlOj). Let w £ A p with p > 1. Then, for any ball B, there exists 
an absolute constant C > smc/i i/iai 

w(2B) < Cw(B). 

In general, for any X > 1, we have 

w{\B) <C-X np w{B), 

where C does not depend on B nor on X. 

Lemma 2.2 Let w 6 RH r with r > 1. Then there exists a constant 

C > such that 

w(E) <c f\E\^ r -^ 



w(B) ~ \\B 
for any measurable subset E of a ball B. 

Next we shall give the definitions of some function spaces. A locally inte- 
grable function b is said to be in BMO(M. n ) if 

= sup -3- / \b(x) ~ b B \ dx < oo, 
B \B\ J B 

where b B = p>y J B b(y) dy and the supremum is taken over all balls B in R n . 

Theorem 2.3 ([3[T2]). Assume that b £ BMO(R n ). Then for any 1 < p < oo. 

we have 

sup(r^-Jjb(x)-b B \ p dx\ <C\\b\U. 
Let < (3 < 1. The homogeneous Lipschitz space A^(M™) is defined by 
A^) = {6:||^= sup H^_m <Qo y 
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Given a Muckenhoupt's weight function w on M n , for 1 < p < oo, we denote 
by L p (w) the space of all functions / satisfying 

= (V l/tolM*)**) /P < oo. 

When p = oo, L°°(w) will be taken to mean L°°(M. n ), and 
||/IU°°(«0 = ||/||l°° =esssup|/(a;)|. 

In |13j . Komori and Shirai first defined the weighted Morrey spaces and 
obtained some known results relevant to this paper. For the boundedness of 
some other operators on these spaces, we refer the readers to [2lT I22j . 

Definition 2.4 (|13j). Let 1 < p < oo, < k < 1 and w be a weight function. 
Then the weighted Morrey space is defined by 

D>> K (w) = {f£Ll c (w):\\f\\ LP ,« (w) <oo}, 
where ^ 

\\fhp--(w) = sup ( ^ B j K J b \f{x)\ p w{x)dx\ 
and the supremum is taken over all balls B in R™ . 

We also denote by WL p ' K (w) the weighted weak Morrey space of all locally 
integrable functions satisfying 

\\f\\wL»>"( w ) = sup sup (L K ,J -w({x G B : \f{x)\ > t}f /p < oo. 

B t>0 W{B) K IP 

In order to deal with the fractional order case, we need to consider the 
weighted Morrey space with two weights. 

Definition 2.5 ([13]). Let 1 < p < oo and < k < 1. Then for two weights u 
and v, the weighted Morrey space is defined by 

L^(u,v) = {fE L p oc (u) : \\f\\ L ^ {u , v) < oo}, 

where 

\\f\\LP<*{u,v) = sup j B \f^\ Pu ^ dx ) 

Theorem D ([13 ). Let < a < n, 1 < p < n/a, 1/q = 1/p — a/n and 
w £ A p ^ q . Then the operator I a is bounded from L p,K (w p ,w q ) to L q,Kq / p (w q ). 

Theorem E ([E]). Let p = 1, < a < n, 1/q = 1 — a/n and w € Ai q . Then 
the operator I a is bounded from L 1 ' K (w,w q ) to WL q,Kq (w q ). 
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We are going to conclude this section by defining the function spaces BMOl- 
Duong and Yan [8] introduced and developed a new function space BMOl 
associated with an operator L. Assume that the kernel p t (x,y) of {e _ * L }i>o 
satisfies an upper bound 

\ Pt ^y)\<t-^g{^), 

for all x, y € K™ and all t > 0. Here g is a positive, bounded, decreasing function 
satisfying 

lim r n+t g(r) = 0, for some e > 0. (2.1) 

r— too 

Let e be the constant in (2.1) and < (3 < e. A function / € L^ oc (M. n ) is said 
to be a function of type (p, (3) if / satisfies 

( I m ^rrr^f **\ " < c < °°- ( 2 - 2 ) 
W (l + M)^ J - 

We denote by M( Pi p) the collection of all functions of type (p, /?). If / G A'l^), 
then the norm of / in M.(p,p) is defined by 

\\f\\ M(P , m - inf{c>0: (2.2) holds}. 

It is easy to see that M.( p ,p) is a Banach space under the norm ||/||ai (p /3) < oo. 
We set 

M P = (J -M(p,«. 

£:0<,3<e 

For any / G L p (M n ), 1 < p < oo, Martell [14] defined a kind of sharp maximal 
function M]f / associated with the semigroup {e~ tL }t>o by the expression 

M*f(x) = sup JL /" |/( y ) _ e -*- L /(y)| dy, 

where ts — r 2 B and is the radius of the ball B. Let / € A4 P with 1 < p < oo, 
then we say that / e BMOl if the sharp maximal function M*/ e _L°°(K™), 
and we define ||/||sAfOx, = /|Loo- For further details about the properties 
and applications of BMOl spaces, we refer the readers to 13 [9]. 

Throughout this article, we will use C to denote a positive constant, which 
is independent of the main parameters and not necessarily the same at each 
occurrence. By A ~ B, we mean that there exists a constant C > 1 such 
that < ^ < C. Moreover, we denote the conjugate exponent of q > 1 by 
q' = q/(q-l). 

3 Proofs of Theorems 1.1, 1.2 and 1.3 

Proof. Fix a ball £? = B(xo,rs) C R" and decompose / = /i + /2, where 
/i = /x2bj X2B denotes the characteristic function of 2i?. Since [6, L~ Q / 2 ] is a 



G 



linear operator, then we have 



1 



w i(B) k /p 



1/9 

\[b,L- a / 2 ]f(x)\ q w q (x) dx 



* ( L 1 [6 ' L ~ a/2] '^i v <*> dx ) Uq + ( 1 1 L ^ f^\ 9 ^ ^ x 1/9 

=h + h. 

For the term I\, since w € ^4 P , 9 , then we get w q e A 1+g / p /(see [E]). Hence, it 
follows from Theorem B and Lemma 2.1 that 

w9 (1) K /p II/i|Ilp (- p ) 

i/p 



wi(B) K /p 



C\\b\U- -—-7- |/(x)|W(x)dx 



2S 



< C\\b\\4f\\ LP , HwP , Wq) ■ w g^ K/p 

<c||&IUII/ll (3.1) 

We now turn to deal with the term 72- Denote the kernel of L~ a / 2 by K a (x, y), 
then for any x £ B, we write 

|[6,L- Q / 2 ]/ 2 (x)| = / [&(aO-&(y)]tfa(z,v)/(l/)dy 
< |6(ar) -6 B | • f \K a (x,y)\\f(y)\dy 

J{2B)" 

\b(y)-b B \\K a (x,y)\\f(y)\dy 

(2BY 
= 1+11. 

Since the kernel of e~ tL is pt(x,y), then it follows immediately from (1.2) that 
(see [HI]) 

1 f°° 

K a (x,y) = —, — 7— r / ptix^e' 2 - 1 dt. (3.2) 



r(a/2) 

Thus, by using the Gaussian upper bound (1.1) and the expression (3.2), we 
can deduce (see [7] and [T5] ) 

1 Z" 00 

\K a (x,y)\ < — — / Ipt&y)^ 2 - 1 dt 
r ( a / 2 ) 7o 

< C [°° e- Al ^t<*/ 2 - n / 2 - 1 dt 



<G-, -. . (3.3) 
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So we have 

I < 



00 1 f 

h{x) bB \ ■ g |2^|W» L +1B lfiy)ldy - 



By using Holder's inequality and the fact that w G A p _ qi we can get 

/ \f(y)\dy<( [ \.f(y)\ p wP(y)dy) /P ( f w~* (y) dy) '* 

J2 k + 1 B \J2 k + 1 B J \J2 k + 1 B / 

< C\\f\\ LP , K{wP ^ q) \2 k+1 B\ 1/q+1/p • _^ Tr -^ 7 _ — 
^CII/IIlp,^^^,)^^ 1 ^! 1 a/n ■ wq ^ k+lB ^ 1/q _ K/p - (3.4) 

Hence 

^ C ll/ll»'-(--)^j^£ ^( 2W B).W. ■ (/ B IKx)-l.,|V(x)^) 

= cii/iu,.^,.,) g w9(2fc ( + 4 )1/g _ K/p • / b ik-) - ^i^w *>) 

We now claim that for any 1 < q < 00 and v G Aoo, the following inequality 
holds 



1/9 



1 



1/9 

|&0r)-6 B |Mx)dx) <C||6||*. (3.5) 



In fact, since v G ? then we know that there exists r > 1 such that G RH r . 
Thus, by Holder's inequality and Theorem 2.3, we obtain 

1/9 1//- \ 1/(9''') / r \ VCot) 



1/(9"-') 



< Cll&ll*, 

which is our desired result. Note that w q G C Aoo. In addition, we 

have w q G i?i/ r with r > 1. Thus, by Lemma 2.2, we get 

(r-l)/r 

(3.6) 



/ |B| V 
^9(2^+1^) " Vl 2fc+ls l/ 
Consequently 

1/9 00 / 1 \ (l-l/r)(l/?-«/p) 



fe=i 

<c|HI*ll/ll (3.7) 
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where the last series is convergent since r > 1 and < K < p/q. On the other 
hand 

II <W \b(y)-b B \\K a (x,y)\\f(y)\dy 

^[J2 k + ^B\2 k B 



/ \b(y)-b 2k+lB \\K a (x,y)\\f(y)\dy 

^~ 1 J2 k + 1 B\2 k B 

OO r. 

E / ~M |fa(x, y)\\f(y)\dy 

r - ^ J2 k + 1 B\2 k B 



fe=1 J2 k + 1 B\2 k B 

III+IV. 



To estimate III and IV, we observe that when x G £?, y G (2£?) c , then |y — a; 
\y — xo\. Hence, it follows directly from the kernel estimate (3.3) that 

OO If 

An application of Holder's inequality yields 



2 k + 1 B 



b(y) - hk+i B \\f{y)\dy 

i/p' / r \ Vp 



%)-^ +ls r'^" p '(2/)dy) (/ |/(y)|W(y)d 2/ 

/ \J2 k + 1 B 

<\\f\\L^^)-wi{2 k+1 B) K/p ( f \b(y)-b 2k+1B \ P 'w- p '(y)dy 

\J2 k + 1 B 



1/p' 



We set v(y) = w p (y), then we have v G Ai +p ,/ q C because w G (see 
[17]). By the previous estimate (3.5) and the fact that w G A Ptq , we obtain 

|%) - b 2k+1B \ P v(y)dy) < C\\b\Uv(2 k+1 B) 1/p 

2 k + 1 B J 

lofe+i n|i/9+i/p' 

(3 ' 8) 

Note that 1/q + 1/p' = 1 — a/ra. Hence, by (3.6) and (3.8), we have 

Iff \ 1/q ^2, w q (B) 1 /'i- K /P 

-^-^ ( y s up ^ w dx) < c\\bun LPHwv , w9) g w9(2fc ( + 4 )1/g _ B/p 

Lp-"(wp ,wi) ■ 

(3.9) 

Since 6 G i?AfO(R"), then a simple calculation gives that 

\b 2 k+i B — b B \ < C ■ fc||6||*. 
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Thus, by the estimates (3.3) and (3.4), we get 

iv < cii6ii.|> | 2 ^i|i-/n J 2k+1B \m\*> 

oo ^ 
< C\\b\\4f\\ LP ,. (wP ^ q) ^2k ■ wq ( 2k+lB y/ q - K / p - 



Therefore 

Iff \ 1/q ^ w qf B \l/q-K/p 

w «iWr* { J B Iyq wq{x) dx ) ~ ^ll & ii-n^li^ — c— — > E * • wq{2 U By/q - K/P 



k 

< C\\ b \\*\\.f\\Li>.K(wP,wi) 22 2k^S 



fe=l 

<C\\b\\4f\\ LP ,. {wPtWq) , (3.10) 

where w q e RH r and 5 = (1 — l/r)(l/q — n/p). Summarizing the estimates 
(3.9) and (3.10) derived above, we thus obtain 

w i(B)-/p (l B II9w9{x)dx ) ' q ^ c \\ b W*\\f\\^(^^y ( 3 - n ) 

Combining the inequalities (3.1) and (3.7) with the above inequality (3.11) and 
taking the supremum over all balls B C W 1 , we complete the proof of Theorem 
1.1. □ 

Obviously, by (3.3), we have the following pointwise inequality 
\L- a/2 {f){x)\ < C ■ I a (\f\)(x) for all x E R". 
Furthermore, by the definition of b e A ( g(R") and (3.3), we deduce 

|[6,i-/ 2 ](/)(x)| < / \b(x)-b(y)\\K a (x,y)\\f(y)\dy 



< CUSIIi/o+sd/DW. (3.12) 
Hence, Theorems 1.2 and 1.3 follows immediately from Theorems D and E. 
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4 Proof of Theorem 1.4 



Proof. For any given x G W l , fix a ball B — B(xo,rs) which contains x. We 
decompose / = /i + J2, where fi = Jx2B, and set t B = f B . Then we write 



< 



1 

W\ 

1 

w\ 



[b,L- a / 2 ]f(y)-e- t - L [b,L- a / 2 ]f(y) 



dy 



[b,L- a / 2 ]h{y) 



dy + W\ 



,-t B L 



[b, L~ a l 2 \ f\(y) 



dy 



^ j B \[b,L-«l 2 ] h {y) -e-^[b,L-^]f 2 (y) 



dy 



Ji +J2 + J3. 



We are now going to estimate each term respectively. For the first term J\. 
since w G A p ^ s , then the operator I a +p is bounded from L p (w p ) into L s (w s )(see 
[T7])- We also know that w s G A 1+s / p , C A s . Applying Holder's inequality, the 
inequality (3.12), Lemma 2.1 and the fact that w s G A s , we obtain 



J i < 



\B\ 



[b,L- a / 2 ]f 1 (y)\ s w s (y)dy 



l/s 



w s (y) dy 



l/s' 



< 6*11611, 



< cii&iui 



\B\ 



\f(yWw p (y)dy 



2B 



!//-< 



w s (y) dy 



l/s' 



K/p 



\Lp- k (wp ,w 3 ) ' 



w s (2B) 
~'(B) l / s 



Lp- k (wP .w s ) i 



where the last inequality is due to our assumption n — p/s. For the term J 2 , 
since the kernel of e -tflL is pt B (y, z), then we may write 



J 2 < 



< 



1 

W\ 

1 

W\ 



B J2B 



PtB {y,z)\\[b,L- a l 2 ]h{z)\dzdy 
p tB { Vl z)\\[b,L- a / 2 ]h{z)\dzdy 

Pt B {31,z)\\[b,L- a t 7 ]f 1 (z)\dzdy 



•> 1 

IB J2 k + 1 B\2 k B 

For any y G B and z G 2B, by (1.1), we have \p tB (y,z)\ <C-(t B y n l 2 . Thus 

1 



4 < c- 



<c- 



\B\ 
1 

W\ 



^—l^L-^Mz^dzdy 

B J 2B V-B) 1 



2B 



\[b,L- a l 2 \h{z)\dz. 
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Using the same arguments as in the estimate of J\, we can also deduce 

J' 2 < C\\b\\*\\f\\LP-*(wP,w<>)- 

As before, we note that for any y 6 B, z G (2B) C : then \z — y\ ~ \z — xq\. In 

i i (t ) n / 2 

this case, by using (1.1) again, we get \p tB (y,z)\ < C ■ } B _' 2 „ . Hence 

I I \y z\ 

4'<cfi/ / \\b,L- a ' 2 ]h{z)\dzdy 

\ B \jBh»+-B\2»B \y~z\ 2nl1, iJ W| ^ 

Following along the same lines as before, we can also show that 

\[b 1 L- a l 2 ]f 1 {z)\dz < c( [ \f(z)\ p w p {z)dz] [ w- s '(z)dz X 

'+ 1 B \J2B J \J2 k + 1 B 

w s (2B) k /p 



< C \\ b \\*\\f\\LP^( W P^) wS ^ k+lB y /s 

Consequently 

j"<r\\b\\ wtw V 1 ( wS{2B) V /S 



• |2 fc+1 B|. 



(4.1) 



Observe that w s G A 1+;5 /p/ , then there exists a number r* > 1 such that u> s G 
RH r *. Moreover, by using Lemma 2.2 again, we get 

< c ( m Y'- 1 '"'. (4 . 2) 



w s (2 fe + 1 B) - Vl 2fe+lB ., 
Substituting the above inequality (4.2) into (4.1), we thus obtain 

oo , N l + (r*-l)/( S r*) 

^<C||&||*II/IU-(W)E(^ 

< C||6||.||/|| i ,.» (u) ,, I0 . ) . 
Summarizing the estimates of J' 2 and J' 2 ' derived above, we can get 

■h < C\\b\\*\\f\\Lp^(wP,w°)- 

In order to estimate the last term J 3 , we need the following result given in 
[5] (see also [7]). 

Lemma 4.1. For < a < n, the difference operator (I — e~ tL )L~ a / 2 has an 
associated kernel K a ^(y,z) which satisfies the following estimate 

\K a , t {y,z)\<- ° 1 (4.3) 

\y A | y z\ 2 
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Hence, by the above kernel estimate (4.3) and the definition of b G A / g(R n ), 
we have 



' h = W\ 

<C\\b\\ k 



(/-e- tBL )i- Q/2 ([%)-6(0]/ 2 )(y) dy 



\K attB (y,z)\\b(y)-b(z)\\f(z)\dz 



B J(2B)' 
1 

B\ 



bJ(2b Y \y-z\"-«-0 \y-z\ 2 



\m\dzdy 



00 1 1 f 

< c \\ b K E ^k \ 2 k + i B \i- la+P )/ n J 2k+1B 

Since w G j4 p , s , then by using the estimate (3.4) and the fact that k — p/s, we 
thus obtain 



/ \f(z)\dz < C||/|| i p,. (l0 p, t0 .)|2 fc + 1 B| 1/ " +1/p ' 

J2 k + 1 B 



1 



,(2^+1 By/ s-k/p 



C\\f\\Lv^{wv,w s ) |2 fe+1 £> 



1 Dl 1 -( Q + ' 9 )/ n 



Therefore 



J3 < CII6I 



00 

" s ) E 02k 



<c||6|IaJI/IU'-(^)- 



Combining the above estimates for Ji , J 2 and J3 and taking the suprcmum over 
all balls B C R™, we finally conclude the proof of Theorem 1.4. □ 
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